Separability and Killing Tensors in Kerr-Taub-NUT-de Sitter Metrics in
  Higher Dimensions by Chong, Z. -W. et al.
ar
X
iv
:h
ep
-th
/0
40
50
61
v2
  1
1 
Ju
n 
20
04
MIFP-04-09 DAMTP-2004-56
hep-th/0405061
May 2004
Separability and Killing Tensors in Kerr-Taub-NUT-de Sitter Metrics in
Higher Dimensions
Z.-W. Chong ‡, G.W. Gibbons ∗, H. Lu¨ ‡ and C.N. Pope ‡
‡George P. & Cynthia W. Mitchell Institute for Fundamental Physics,
Texas A& M University, College Station, TX 77843-4242, USA
∗DAMTP, Centre for Mathematical Sciences, Cambridge University,
Wilberforce Road, Cambridge CB3 OWA, UK
ABSTRACT
A generalisation of the four-dimensional Kerr-de Sitter metrics to include a NUT charge
is well known, and is included within a class of metrics obtained by Plebanski. In this paper,
we study a related class of Kerr-Taub-NUT-de Sitter metrics in arbitrary dimensions D ≥ 6,
which contain three non-trivial continuous parameters, namely the mass, the NUT charge,
and a (single) angular momentum. We demonstrate the separability of the Hamilton-Jacobi
and wave equations, we construct a closely-related rank-2 Sta¨ckel-Killing tensor, and we
show how the metrics can be written in a double Kerr-Schild form. Our results encompass
the case of the Kerr-de Sitter metrics in arbitrary dimension, with all but one rotation
parameter vanishing. Finally, we consider the real Euclidean-signature continuations of
the metrics, and show how in a limit they give rise to certain recently-obtained complete
non-singular compact Einstein manifolds.
Research supported in part by DOE grant DE-FG03-95ER40917.
1 Introduction
Four-dimensional solutions of the Einstein equations have been extensively studied for
many decades. In relatively recent times, since the discovery of supergravity and super-
string theory, solutions of the Einstein equations, or the coupled Einstein-matter equa-
tions, in higher dimensions have also been found to be of physical interest. An ency-
clopaedic classification of all the known four-dimensional solutions can be found in [1], but
the higher-dimensional cases have been less extensively investigated. Various classes of
higher-dimensional solution have been obtained, including black holes that generalise the
four-dimensional Schwarzschild, Reissner-Nordstro¨m and Kerr solutions.
There are few general methods available for solving the Einstein equations. Almost
always, one is forced to make a symmetry assumption. If the isometry group has orbits
of codimension one, the problem then reduces to solving non-linear ordinary differential
equations. A much more challenging task results if the orbits have higher codimension,
since then non-linear partial differential equations are involved. Two techniques have proved
useful in the past for tackling cases like these, where the number of independent variables
is two or greater. One technique is to adopt the Kerr-Schild ansatz, which in effect reduces
the Einstein equations to linear equations, and this has proved useful recently in obtaining
the general higher-dimensional version of the Kerr-de Sitter metrics [2]. Another technique,
pioneered by Carter, is to require of the metric that it admit separation of variables for
the Hamilton-Jacobi equation, or for the wave equation or Laplace equation [3]. This has
the further advantage that having obtained the metric, one is actually in a position to do
something with it; namely, to study its geodesics and eigenfunctions explicitly.
In a remarkable paper, Carter exploited this idea to obtain a general class of metrics
in four dimensions which include the Kerr-Taub-NUT-de Sitter solutions [3]. This general
class, in the formalism given by Plebanski [4], takes the form
ds2 =
p2 + q2
X
dp2 +
p2 + q2
Y
dq2 +
X
p2 + q2
(dτ + q2 dσ)2 −
Y
p2 + q2
(dτ − p2 dσ)2 , (1)
where
X = γ − g2 − ǫ p2 − λ p4 + 2ℓ p , Y = γ + e2 + ǫ q2 − λ q4 − 2mq . (2)
They are solutions of the coupled Einstein-Maxwell equations with a cosmological constant
λ, and with electric and magnetic charges given by e and g. We shall restrict attention to
the case of pure Einstein metrics in this paper, and so we set e = g = 0. The remaining
constants (γ,m, ℓ, ǫ) effectively comprise 3 real continuous parameters and one discrete
1
parameter, since one can always make coordinate scaling transformations to absorb the
magnitude of, say, the dimensionless constant ǫ. Thus one may view (γ,m, ℓ) as continuous
parameters, and take ǫ = +1, −1 or 0. The constants (γ,m, ℓ) are related to the angular
momentum, mass and NUT charge. Special cases of (1) include the Kerr-de Sitter solution
and the Taub-NUT-de Sitter solution.
These four-dimensional metrics have a simple higher-dimensional generalisation [5],
which, as we shall show, also has the property that both the Hamilton-Jacobi equation
and the wave equation may be solved by separation of variables. Thus, for these very spe-
cial metrics, which encompass the Kerr-de Sitter metrics in arbitrary dimension with all
but one rotation parameter vanishing, the geodesic flow on the cotangent bundle is a com-
pletely integrable system in the sense of Liouville. Such integrable dynamical systems are
comparitively rare, and when arising from the metric, are associated with the existence of
special tensor fields, called Sta¨ckel-Killing tensor fields, on the manifold. We shall construct
these explicitly for the higher-dimensional metrics. Although the Sa¨ckel-Killing tensor in
the four-dimensional metrics admits a Yano-Killing tensor square root, it appears rather
unlikely that this feature will extend to the higher-dimensional generalisations.
A feature of the four-dimensional metrics is that they may be, upon analytic continuation
to (2, 2) metric signature, be cast into a double Kerr-Schild form, and this has played some
roˆle in their construction, and that of more generalised metrics, by Plebanski. We find
that the higher-dimensional metrics may also be cast in double Kerr-Schild form, and that,
although it is not true in general, that the double Kerr-Schild form renders the Einstein
equations linear, in our case we find that it does result in linear equations.
An important application of the original four-dimensional metrics was the first construc-
tion of a complete, non-singular, compact, inhomogeneous Einstein manifold [6]. This was
done by analytically continuing the metrics to positive-definite (Euclidean) signature, and
making a careful study of regularity conditions near coordinate singularities. We show that
the same can be done for the higher-dimensional metrics discussed in this paper.
2 Higher-dimensional Generalisation
In this paper, we consider higher-dimensional generalisations of the form
dsˆ2 =
p2 + q2
X
dp2+
p2 + q2
Y
dq2+
X
p2 + q2
(dτ + q2 dσ)2−
Y
p2 + q2
(dτ − p2 dσ)2+
p2 q2
γ
dΩ2k ,
(3)
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where
X = γ − ǫ p2 − λ p4 + 2ℓ p1−k , Y = γ + ǫ q2 − λ q4 − 2mq1−k , (4)
and dΩ2k = gij dx
i dxj is an Einstein metric on a space of dimension k, normalised so that
its Ricci tensor satisfies Rij = (k − 1) gij . One might, for example, take dΩ
2
k to be the
metric on the unit sphere Sk. It was shown in [5] that these metrics satsify the D = k + 4
dimensional Einstein equation
RˆMN = (k + 3)λ gˆMN . (5)
The verification of the Einstein equations can be performed rather straightforwardly in
a coordinate basis. From (3), and decomposing the coordinate indices as M = (µ, i), we
may write the components of the D-dimensional metric as
gˆµν = gµν , gˆij =
p2 q2
γ
gij , gˆµi = 0 , (6)
where gµν is the four-dimensional Plebanski-type metric with the modified functions X and
Y given in (4). It is easily seen that the non-vanishing components of the affine connection
ΓˆMNP are given by
Γˆµνρ = Γ
µ
νρ , Γˆ
i
jk = Γ
i
jk ,
Γˆijµ = δ
i
j ∂µ log(p q) = δ
i
j (
1
q
δ1µ +
1
p
δ2µ) , (7)
Γˆµij = −
p q
γ (p2 + q2)
(p Y δµ1 + q X δ
µ
2 ) gij .
Here, the explicit index values 1 and 2 refer to the q and p coordinates respectively. From
these expressions, it is straightforward to substitute into the expression for the curvature,
and hence to verify that (3) satisfies (5).
The arbitrary-dimensional Kerr-de Sitter metrics with a single rotation parameter a,
which were obtained in [7], arise as special cases of the more general Einstein metrics (3).
Specifically, if we take the parameters in (4) to be
γ = a2 , ǫ = 1− λa2 , m =M , ℓ = 0 , (8)
and define new coordinates according to
p = a cos θ , q = r , τ = t−
a
Ξ
φ , σ = −
1
aΞ
φ , (9)
where Ξ ≡ 1 + λa2, then (3) reduces precisely to the metrics obtained in [7]. The more
general solutions that we have obtained include the NUT charge ℓ as an additional non-
trivial parameter, when D 6= 5.
3
The case D = 5 is somewhat degenerate in the above construction, in that the ostensibly
additional NUT parameter ℓ is fictitious in this case. This is easily seen from the expressions
for the metric functions X and Y in (4) when k = 1:
X = γ − ǫ p2 − λ p4 + 2ℓ , Y = γ + ǫ q2 − λ q4 − 2m, (10)
One can absorb the parameter ℓ by means of additive shifts in the constants γ and m. Since
a constant scaling of the Sk metric dΩ2k in (3) is irrelevant when k = 1, the upshot is that
our construction in D = 5 is equivalent to the one where the NUT charge ℓ is set to zero,
thus reducing to a case already considered in [7]. In all other dimensions D ≥ 4, the NUT
charge is a non-trivial additional parameter.
3 Separability
The covariant Hamiltonian function on the cotangent bundle of the metrics (3) is given by
H(PM , x
M ) ≡ 12 gˆ
MN PM PN
=
1
2(p2 + q2)
[ 1
X
(Pσ + p
2 Pτ )
2 −
1
Y
(Pσ − q
2 Pτ )
2 +X P 2p + Y P
2
q
]
+
γ
2p2 q2
gij Pi Pj . (11)
The coordinates τ and σ are ignorable, and their conjugate momenta Pτ and Pσ are con-
stants. The Hamiltonian-Jacobi equation
H(∂MS, x
M ) = −12µ
2 (12)
has separable solutions of the form
S = Pτ τ + Pσ σ + F (p) +G(q) +W (x
i) , (13)
where
2κ =
1
X
(Pσ + p
2 Pτ )
2 +X
(dF
dp
)2
+
2γ c
p2
+ µ2 p2 ,
−2κ = −
1
Y
(Pσ − q
2 Pτ )
2 + Y
(dG
dq
)2
+
2γ c
p2
+ µ2 q2 ,
c = 12g
ij ∂W
∂xi
∂W
∂xj
. (14)
The three quantities µ2, c and κ are separation constants, associated to the three mutually
Poisson-commuting functions H and
C = 12g
ij Pi Pj ,
4
K =
1
2(p2 + q2)
[q2
X
(Pσ + p
2 Pτ )
2 +
p2
Y
(Pσ − q
2 Pτ )
2 + q2X P 2p − p
2 Y P 2q
]
+12γ(
1
p2
−
1
q2
) gij Pi Pj . (15)
If equations (14) hold, then C takes the value c and K takes the value κ. The function
W satisfies the Hamilton-Jacobi equation governing geodesic motion on the k-dimensional
Einstein manifold with metric dΩ2k. For a general Einstein manifold, this is as far as one can
go with finding the geodesics. However, in special cases, such as the sphere Sk, there will be
further constants of the motion. If there are k−1 such constants arising from k−1 mutually-
commuting independent functions on the Einstein manifold, then the geodesic flow on the
(k + 4)-dimensional Einstein manifold will be completely integrable. Another way to say
this is that while the product of two manifolds with completely-integrable geodesics gives a
new manifold with completely-integrable geodesics, this property will not in general be true
for warped products such as we are considering here. However, for the very special choice of
warp function p2 q2/γ which arises in the metrics (3), together with the simple k-dependent
modificications of the X and Y functions in (4), the property of complete integrability is
maintained.
These complete integrability properties may be viewed as the classical limit of the
quantum-mechanical statement that the Schro¨dinger equation ∇ˆ2 ψ = µ2 ψ is also sepa-
rable. This can be seen from the Laplacian
∇ˆ2 =
1
p2 + q2
[
p−k
∂
∂p
(
pkX
∂
∂p
)
+ q−k
∂
∂q
(
qk Y
∂
∂q
)
+
1
X
(
∂
∂σ
+ p2
∂
∂τ
)2
−
1
Y
(
∂
∂σ
− q2
∂
∂τ
)2 ]
+
γ
p2 q2
∇2 . (16)
Multiplying ∇ˆ2 ψ = µ2ψ by (p2 + q2) immediately reveals the separability.
Associated with K is a rank-2 symmetric Sta¨ckel-Killing tensor KMN , given by K =
1
2K
MN PM PN , where K is given in (15). It satisfies the Killing-tensor equation
∇ˆ(M KNP ) = 0 , (17)
by virtue of the fact that K Poisson-commutes with the Hamiltonian. We may also then
define the second-order differential operator
Kˆ = −12∇ˆM (K
MN ∇ˆN ) , (18)
analogous to the operator Hˆ = −12∇ˆM (gˆ
MN ∇ˆN ) = −
1
2∇ˆ
2. General theory [3] shows
that Kˆ and Hˆ commute, and, moreover, they obviously commute with the operator Cˆ ≡
−12∇i(g
ij ∇j) = −
1
2∇
2.
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In the Carter class of four-dimensional Kerr-Taub-NUT-de Sitter metrics, it is known [8]
that the Sta¨ckel-Killing tensor KMN can be written as the square of a Yano-Killing 2-form
YMN :
KMN = YMP YN
P , (19)
where YMN satisfies
∇ˆ(M YN)P = 0 . (20)
This is equivalent to the statement that ∇ˆM YNP = ∂[M YNP ], or 3∇ˆ Y = dY . It follows
straightforwardly from (20) that KMN satisfies the Sta¨ckel-Killing equation (17).
In four dimensions, i.e. k = 0, one has from (15) that
Y = q dp ∧ (dτ + q2 dσ) + p dq ∧ (dτ − p2 dσ) , (21)
whence
∗Y = q dq ∧ (dτ − p2 dσ)− p dp ∧ (dτ + q2 dσ) . (22)
Thus one can write [8] ∗Y = dA, where
A =
q4
2(p2 + q2)
(dτ − p2 dσ)−
p4
2(p2 + q2)
(dτ + q2 dσ) . (23)
One might wonder whether in the higher-dimensional metrics (3), the Sta¨ckel-Killing
tensor we have found might also be expressible as the square of a Yano-Killing tensor.
For a general dimension D = 4 + k this looks unlikely, because there is no obvious 2-
form available on the additional k-dimensional Einstein manifold. If, however, the higher-
dimensional manifold is Ka¨hler-Einstein, the Ka¨hler form Jij becomes available, and an
obvious generalisation of (21) is
Yˆ = Y ±
√
q2 − p2 J . (24)
This is, by construction, one possible square root of the Killing tensor KMN . However,
a simple calculation shows that, for example, ∇ˆµ Yˆjk + ∇ˆj Yˆµk 6= 0, and thus YˆMN is not
a Yano-Killing tensor. There is no other obvious candidate for YˆMN that might yield a
generalisation of the four-dimensional Yano-Killing tensor.
It is interesting to note that the more general class of accelerating type-D metrics
of Plebanski and Demianski [9] does not admit a separation of variables, for either the
Hamiltonian-Jacobi equation or the wave equation. These metrics are of the form
ds2 =
1
(1− p q)2
[p2 + q2
X
dp2+
p2 + q2
Y
dq2+
X
p2 + q2
(dτ + q2 dσ)2−
Y
p2 + q2
(dτ −p2 dσ)2
]
,
(25)
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where X and Y are certain polynomial functions of p and q respectively [9]. The conformal
prefactor (1 − p q)−2 spoils the separability of the Hamilton-Jacobi equation, except in
the massless case. Thus the Plebanski-Demianski metrics admit conformal Sta¨ckel-Killing
tensors but not Sta¨ckel-Killing tensors in the strict sense.
4 Double Kerr-Schild Metric
It is of interest to note that the higher-dimensional metrics (3) may be cast in a double
Kerr-Schild form. This is most conveniently done by analytically continuing to a real form
of the metric with signature (2, 2 + k). This continued metric can then be written in the
form
dsˆ2 = ds¯2 + U (kM dx
M )2 + V (lM dx
M )2 , (26)
where the fiducial “base” metric ds¯2 is the de Sitter metric, and kM and lM are two linearly-
independent mutually-orthogonal affinely-parameterised null geodesic congruences:
kM k
M = lM lM = k
M lM = 0 ,
kM ∇¯M kN = l
M ∇¯M lN = 0 . (27)
Note that the indices on kM and lM can be raised with either gˆ
MN or g¯MN .
Specifically, the analytically-continued metric is obtained from (3) by sending
p −→ i p , ℓ −→ ik−1 ℓ , γ −→ −γ ,
X −→ −∆p , Y −→ ∆q , (28)
resulting in the metric
ds2 =
q2 − p2
∆p
dp2+
q2 − p2
∆q
dq2−
∆p
q2 − p2
(dτ + q2 dσ)2−
∆q
q2 − p2
(dτ + p2 dσ)2+
p2 q2
γ
dΩ2k ,
(29)
where
∆p = γ − ǫ p
2 + λ p4 − 2ℓ p1−k , ∆q = −γ + ǫ q
2 − λ q4 − 2mq1−k . (30)
If we now define new coordinates τ˜ and σ˜ by
dτ˜ = dτ +
p2 dp
∆p
−
q2 dq
∆q
, dσ˜ = dσ −
dp
∆p
+
dq
∆q
, (31)
then a straightforward calculation shows that (29) can be written as (26), where
ds¯2 = −
1
q2 − p2
[
∆¯p (dτ˜ + q
2 dσ˜)2 − ∆¯q (dτ˜ + p
2 dσ˜)2
]
7
−2(dτ˜ + q2 dσ˜) dp − 2(dτ˜ + p2 dσ˜) dq +
p2 q2
γ
dΩ2k ,
∆¯p = γ − ǫ p
2 + λ p4 , ∆¯q = −γ + ǫ q
2 − λ q4 , (32)
kM dx
M = dτ˜ + q2 dσ˜ , lM dx
M = dτ˜ + p2 dσ˜ ,
U =
2ℓ p1−k
q2 − p2
, V =
2mq1−k
q2 − p2
.
It is easily verified that kM and lM satisfy (27). Note that as vectors, one has
kM ∂M = −
∂
∂q
, lM ∂M = −
∂
∂p
. (33)
The metric ds¯2 appearing in (32) is the (4 + k)-dimensional de Sitter metric (since it is the
Kerr-Taub-NUT de Sitter metric with the mass and NUT parameters m and ℓ set to zero).
Its inverse is given simply by
( ∂
∂s¯
)2
=
1
q2 − p2
[
2(
∂
∂σ˜
− q2
∂
∂τ˜
)
∂
∂q
− 2(
∂
∂σ˜
− p2
∂
∂τ˜
)
∂
∂p
+ ∆¯p
( ∂
∂p
)2
+ ∆¯q
( ∂
∂q
)2]
+
γ
p2 q2
( ∂
∂s
)2
, (34)
where (∂/∂s)2 is the inverse of dΩ2k. Note that if one defines hMN = U kM kN + V lM lN ,
so that gˆMN = g¯MN + hMN , then the inverse full metric is given by gˆ
MN = g¯MN − hMN ,
since hMN h
NP = 0.
In a metric of single Kerr-Schild form, where dsˆ2 = ds¯2+U (kM dx
M )2 and kM is a null
geodesic congruence, a straightforward calculation shows that the Ricci tensor of the full
metric, written with mixed indices RˆMN , is given exactly by [1, 10]
RˆMN = R¯
M
N − h
M
P R¯
P
N +
1
2∇¯P ∇¯N h
MP + 12∇¯
P ∇¯M hNP −
1
2∇¯
P ∇¯P h
M
N . (35)
In other words, the “linearised approximation” is exact in this case.
In the case of the double Kerr-Schild metrics (26), i.e. gˆMN = g¯MN +hMN with hMN =
U kM kN+V lM lN and kM and lM satisfying (27), the expression for Rˆ
M
N in terms of R¯
M
N
is still, of course, purely of finite polynomial order in hMN , because of the exact property
that gˆMN = g¯MN − hMN . However, the weaker conditions satisfied by hMN in the double
Kerr-Schild case imply that in general, terms higher than linear order in hMN contribute
to RˆMN . Interestingly, however, in the specific case of the double Kerr-Schild form (32) of
the higher-dimensional Kerr-Taub-NUT-de Sitter metrics (3), with U and V as in (32), the
linear expression (35) is still exact. In fact, more generally we find that if one takes the
functions U and V to be given by
U =
f(p)
q2 − p2
, V =
g(q)
q2 − p2
, (36)
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where f(p) and g(q) are arbitrary functions, then the Ricci tensor RˆMN is given exactly by
(35).
It is perhaps worth remarking that one can always choose to view a double Kerr-Schild
metric of the form (26) as a single Kerr-Schild metric, by including one or other of the
added null terms U (kM dx
M )2 or V (lM dx
M )2 as part of the fiducial “base” metric ds¯2.
Thus in or present example one can view the higher-dimensional Kerr-Taub-NUT-de Sitter
metrics (3) as either Kerr-de Sitter with the NUT charge added via a Kerr-Schild term, or
else as massless Kerr-Taub-NUT-de Sitter with the mass added via a Kerr-Schild term.
5 Euclidean-signature Metrics
It is also of interest to consider Einstein metrics of positive-definite signature. We can
perform such a “Euclideanisation” of the metric (3) by making the the following analytic
continuation:
p→ ι p , τ → i τ , σ → iσ , ℓ→ ik−1 ℓ ,
X → −∆p , Y → ∆q , γ → −γ . (37)
The metric (3) then becomes
ds2 =
q2 − p2
∆p
dp2+
q2 − p2
∆q
dq2+
∆p
q2 − p2
(dτ + q2 dσ)2+
∆q
q2 − p2
(dτ + p2 dσ)2+
p2 q2
γ
dΩ2k ,
(38)
where
∆p = γ − ǫ p
2 + λ p4 − 2ℓ p1−k , ∆q = −γ + ǫ q
2 − λ q4 − 2mq1−k . (39)
It was shown recently in [11] that after Euclideanisation, the higher-dimensional Kerr-
de Sitter metrics with a single rotation parameter that were found in [7] yield, in a special
limiting case, complete Einstein metrics that extend smoothly onto non-singular manifolds.
Since our more general Einstein metrics encompass those in [7], they certainly admit the
same non-singular complete metrics as special limiting cases. However, the additional NUT
charge parameter that we have in our new metrics in D ≥ 6 provides additional possibilities
for obtaining complete, compact Einstein metrics, as we shall now show.
The metrics (38) are of cohomogeneity two, since the metric functions depend on both
the coordinates p and q.1 In a compact metric, the endpoints in the ranges p1 ≤ p ≤ p2
1We are not concerned here with any cohomogeneity that might be associated with the k-dimensional
Einstein metric dΩ2k if it were not taken to be a sphere or any other homogeneous metric. For simplicity, and
without losing any essential generality, we shall consider dΩ2k to be the round metric on S
k in what follows.
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and q1 ≤ q ≤ q2 of the p and q coordinates will be defined by degenerations of the metric,
corresponding to collapsing of the principal orbits. This can occur at zeros of ∆p or ∆q,
or at p = 0 or q = 0. Although the possibility of obtaining compact non-singular metrics
of cohomogeneity two cannot be immediately excluded, it is certainly the case that non-
singularity is most easily achieved by reducing the cohomogeneity to degree one, and so we
shall make this assumption in the discussion that follows. The reduction of cohomogeneity
can be achieved by choosing the parameters so that the coordinate range for either p or q
shrinks to zero; i.e. p1 = p2, or q1 = q2. It turns out that for regular solutions, we should
arrange to shrink the coordinate range for q, by choosing the parameters so that ∆q has
two roots that coalesce at q = q0:
∆q(q0) = ∆
′
q(q0) = 0 , (40)
where ∆′q denotes the derivative of ∆q with respect to q.
It is useful to re-express (γ,m, ℓ, λ) in terms of dimensionless parameters (g, m˜, ℓ˜, L):
γ = g q20 , λ = Lq
−2
0 , m = m˜ q
k+1
0 , ℓ = ℓ˜ q
k+1
0 . (41)
The conditions (40) for the double root can conveniently be used to solve for ǫ and m˜ in
terms of q0:
ǫ =
(k + 3)L− (k − 1)g
k + 2
, m˜ = m˜0 =
g − L
k + 1
. (42)
Moving slightly away from the case of the double root, by displacing m˜ away slightly from
m˜0, we now define
m˜ = m˜0 −
δ2
2c q20
, q = q0 + δ cos θ , τ =
q20 c
δ
φ , σ =
2c
q0
ψ −
c
δ
φ , p = q0 r (43)
where c−1 ≡ (k+3)L− (k− 1)g, and then send δ → 0. We find that in this limit the metric
becomes
ds2
q20
=
1− r2
Q(r)
dr2 +
4c2Q(r)
1− r2
(dψ + cos θ dφ)2 + c(1− r2)(dθ2 + sin2 θ dφ2) +
r2
g
dΩ2k , (44)
where
Q(r) = g −
(k + 3)L+ (k − 1)g
k + 1
r2 + Lr4 − 2ℓ˜ r1−k . (45)
This metric can be recognised as the n = 1 special case of the class of cohomogeneity-one
Einstein metrics obtained in [12], having a base Einstein-Ka¨hler manifold K2n of dimension
2n, with fibres that involve a complex line bundle over K2n and an additional S
k warped-
product factor. The conditions for regularity of such metrics were analysed in detail in [12].
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Applied to our n = 1 case where K2 = S
2, these results show that compact non-singular
Einstein metrics can be achieved by choosing the parameters so that r ranges either from 0
to r0, where ∆p(r0) = 0, or else by choosing the parameters such that r ranges between two
distinct positive roots r1 and r2 of ∆p. The former requires ℓ˜ = 0, and was in fact obtained
in [11] as a limit of the single-rotation Kerr-de Sitter metrics; in this case, it is essential
for regularity that the metric dΩ2k be the round metric on S
k. The latter requires ℓ˜ 6= 0.
It was obtained in [12] by starting with a cohomogeneity-one metric ansatz, but here we
have shown how it arises as a limiting case of the more general higher-dimensional Kerr-
Taub-NUT-de Sitter metrics that we have constructed in this paper. (In this case, since the
coefficient of dΩ2k is everywhere non-vanishing, one can choose any regular Einstein metric
for dΩ2k.)
6 Conclusions
In this paper, we have studied some properties of a class of higher-dimensional generalisa-
tions of the Kerr-Taub-NUT-de Sitter metrics. We have shown that they share many, but
not all, of the remarkable properties of their four-dimensional progenitors. For example,
they admit separation of variables for both the Hamilton-Jacobi and wave equations, and we
have exhibited the associated second-rank Sa¨ckel-Killing tensors. By contrast to the four-
dimensional case, however, the Sa¨ckel-Killing tensor appears not to have a Yano-Killing
tensor square root. It should be emphasised that the separability of the higher-dimensional
solutions, which leads in many cases to completely-integrable geodesics flows, is a rather
non-trivial consequence of the detailed form of the solutions, which is mandated by the
Einstein equations. A recent study of separability in the higher-dimensional Kerr-de Sitter
metrics showed that this is possible at least in the special case of all rotation parameters
equal, when there is an enhanced isometry group [13]. In our case, the equations can be
separated in situations where there is only a single rotation parameter, together with a NUT
charge. Previous results on separability, in the absence of the NUT charge and cosmological
constant, were obtained in [14].
Like their four-dimensional progenitors, the metrics (3) may be cast in double Kerr-
Schild form, which may provide a fruitful ansatz for the further study of higher-dimensional
solutions of the Einstein equations. This is because the solutions cast in this form may be
regarded as their own linear approximations. This, unlike the single Kerr-Schild ansatz, is
not a general feature in the double Kerr-Schild case, but it does hold for the metrics we have
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considered. More generally, the double Kerr-Schild ansatz leads to quartic non-linearity in
the Einstein equations.
The double Kerr-Schild form requires us to consider an analytically-continued form of the
metric with two time directions. Analytic continuation will also produce metrics of positive-
definite (Euclidean) signature. This we have done, and by considering special limiting cases,
obtained complete non-singular compact Einstein manifolds that were previously obtained
in [12].
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